Symmetric nuclear matter from the strong interaction by Leonhardt, M. et al.
Symmetric nuclear matter from the strong interaction
M. Leonhardt,1 M. Pospiech,1 B. Schallmo,1 J. Braun,1, 2 C. Drischler,3, 4 K. Hebeler,1, 2 and A. Schwenk1, 2, 5
1Institut fu¨r Kernphysik, Technische Universita¨t Darmstadt, D-64289 Darmstadt, Germany
2ExtreMe Matter Institute EMMI, GSI, Planckstraße 1, D-64291 Darmstadt, Germany
3Department of Physics, University of California, Berkeley, CA 94720
4Lawrence Berkeley National Laboratory, Berkeley, CA 94720
5Max-Planck-Institut fu¨r Kernphysik, Saupfercheckweg 1, 69117 Heidelberg, Germany
We study the equation of state of symmetric nuclear matter at zero temperature over a wide range
of densities using two complementary theoretical approaches. At low densities up to twice nuclear
saturation density, we compute the energy per particle based on modern nucleon-nucleon and three-
nucleon interactions derived within chiral effective field theory. For higher densities we derive for
the first time constraints in a Fierz-complete setting directly based on quantum chromodynamics
using functional renormalization group techniques. We find remarkable consistency of the results
obtained from both approaches as they come together in density and the natural emergence of a
maximum in the speed of sound cS at supranuclear densities with a value beyond the asymptotic
c2S = 1/3. The presence of a maximum appears tightly connected to the formation of a diquark gap.
Introduction.– The theoretical understanding of the
equation of state (EOS) of dense matter has been one of
the main frontiers in nuclear physics in recent decades.
While the EOS of cold matter up to around nuclear sat-
uration density, n0 = 0.16 fm
−3, can be constrained by
properties of atomic nuclei [1–4], the composition and
properties of matter at supranuclear densities as it exists,
e.g., in the center of neutron stars are still open questions.
Recent breakthroughs like the first detection of the grav-
itational wave signal of the neutron star merger [5, 6]
as well as ongoing missions aiming at first direct neu-
tron star radius measurements using x-ray timing [7–9]
can significantly enhance our theoretical understanding
of neutron-rich matter under extreme conditions. Com-
bining information from these ongoing efforts with ex-
isting observational data like precise mass measurements
of heavy neutron stars [10–13] or also heavy ion colli-
sions [14] can provide further constraints for the EOS.
However, all such measurements can only provide indi-
rect insight into the microscopic nature of matter at high
densities [15–17]. The present work aims to constrain
properties of symmetric nuclear matter from calculations
based on strong interactions with controlled uncertain-
ties. This provides us with an insight into the composi-
tion of dense matter which, of course, eventually needs
to be benchmarked against observational constraints.
Low-density regime.– At the fundamental level the
strong interaction is governed by the quark-gluon dynam-
ics described by quantum chromodynamics (QCD). At
nuclear densities, the ground state is dominated by chi-
ral symmetry breaking and calculations directly based
on QCD become very challenging. For this regime chiral
effective field theory (EFT) represents a powerful frame-
work to describe the nuclear dynamics and interactions
within a systematic expansion based on the low-energy
degrees of freedom, nucleons and pions [18, 19]. Substan-
tial progress has been achieved in recent years in deriv-
ing new nuclear forces and computing the EOS micro-
scopically based on nucleon-nucleon (NN), three-nucleon
(3N) and four-nucleon (4N) interactions derived within
chiral EFT [20–29]. In particular, in Ref. [29] we pre-
sented an efficient framework to compute the energy of
nuclear matter at zero temperature within many-body
perturbation theory (MBPT) up to high orders in the
many-body expansion and for general proton fractions.
It allows to include all contributions from two- and many-
body forces up to N3LO and to explore the connection
of properties of matter and nuclei [30]. In addition, in
Ref. [21] a set of NN and 3N interactions was fitted to
few-body observables, where all derived interactions led
to good saturation properties without adjustment of free
parameters. In particular, one interaction of this set was
found to also correctly predict the ground state energies
of medium-mass nuclei up to 100Sn [31, 32]. In Figs. 1
and 2, we show the results for the pressure and the speed
of sound of symmetric nuclear matter up to twice nuclear
density based on the set of interactions of Ref. [21] (indi-
vidual blue lines) as well as the interactions up to N3LO
fitted to the empirical saturation point of Ref. [29] (blue
bands). The EFT uncertainty bands at N2LO (light-blue
band) and N3LO (dark-blue band) have been determined
following the strategy of Ref. [33] and represent the com-
bined uncertainties based on the results at the two cutoff
scales Λ = 450 and 500 MeV (see also Ref. [29]).
Intermediate-density regime.– Compared to the nu-
clear density regime, less is known about the ground state
at intermediate densities, i.e., the regime above the region
where calculations based on chiral EFT is applicable and
below the very high densities limit expected to be gov-
erned, e.g., by the formation of a diquark gap [34–38],
or accessible by perturbative QCD at asymptotic densi-
ties [39–43]. To study the intermediate-density regime,
we employ the functional renormalization group (RG) ap-
proach [44] which allows us to study this regime from the
Euclidean QCD action (see Refs. [45–47] for reviews):
S =
∫
d4x
{
1
4
F aµνF
a
µν + ψ¯
(
i/∂ + g¯ /A+ iγ0µ
)
ψ
}
. (1)
Here, g¯ is the bare gauge coupling and µ is the quark
chemical potential. The non-Abelian fields Aaµ enter the
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2definition of the field-strength tensor F aµν and are asso-
ciated with the gluons. With respect to the quarks, we
restrict ourselves to two massless flavors in this work.
In the RG flow, the quark-gluon vertex in Eq. (1) in-
duces quark self-interactions already at the one-loop level
via two-gluon exchange. This gives rise to terms, e.g., of
the following form in the quantum effective action:
δΓ =
∫
d4x λ¯i(ψ¯Oiψ)2 , (2)
where the operator Oi determines the color, flavor, and
Dirac structure of the vertex. We stress that the four-
quark couplings λ¯i are not free parameters but solely
generated by quark-gluon dynamics from first principles
in our study. This is an important difference to, e.g.,
Nambu-Jona-Lasinio-type model studies where the four-
quark couplings are input parameters. In this work, we
focus on the RG flow of pointlike projected four-quark
correlation functions Γ(4). To be specific, we define the
four-quark couplings associated with the vertex of the
form (2) as follows
λ¯i(ψ¯Oiψ)2 (3)
= lim
pi→0
ψ¯α(p1)ψ¯β(p2)Γ
(4),αβγδ
O (p1, p2, p3, p4)ψγ(p3)ψδ(p4).
Here, α, β, γ, δ denote collective indices for color, flavor,
and Dirac structures. Note that this zero-momentum
projection does not represent a Silver-Blaze-symmetric
point [48–50], but it matches the definition of four-quark
couplings in conventional low-energy models [51–53] and
BCS-type models [54–57]. The couplings resulting from
our definition (3) depend on the chemical potential and
the RG scale. Although this scale dependence implies
that part of the momentum-dependent information is still
taken into account in our RG analysis in an effective
manner [58], the pointlike limit ignores relevant infor-
mation of four-quark correlation functions. For example,
bound-state information is encoded in the momentum
structure of these correlation functions. Therefore, the
pointlike approximation only allows us to study the sym-
metric high-energy regime [47]. The symmetry-broken
low-energy regime is not accessible in this way. For our
present purposes, however, this is still sufficient as it en-
ables us to study the approach towards the symmetry-
broken low-energy regime, as indicated by rapidly grow-
ing four-quark couplings.
In general, symmetry breaking is ultimately triggered
by a specific four-quark channel approaching criticality
as indicated by a divergence of the corresponding cou-
pling. Such a seeming Landau-pole-type behavior of four-
quark couplings can be traced back to the formation of
condensates as they can be shown to be proportional to
the inverse mass parameter of a Ginzburg-Landau effec-
tive potential for the order parameters in a (partially)
bosonized formulation, λ ∼ 1/m2, see Refs. [47, 59, 60].
On the one hand, this implies that if the size of all four-
quark couplings is found to be bounded from above, the
system stays in the symmetric regime [47, 58, 61–63].
On the other hand, the observation of a rapidly grow-
ing four-quark coupling in a specific regime may be con-
sidered as an indicator that the order-parameter poten-
tial develops a non-zero ground-state expectation value in
the direction associated with a specific four-quark chan-
nel. The nontrivial assumption entering our analysis of
the EOS below is then that it is possible to relate the
dominance pattern of the four-quark couplings to the
symmetry-breaking pattern in terms of condensates, see
Refs. [50, 58, 64, 65] for a detailed discussion. For exam-
ple, in the zero-density limit, it has indeed been found
that the scalar-pseudoscalar channel is the most domi-
nant channel [66, 67] and a corresponding condensate is
formed [67, 68] governing the low-energy dynamics.
When the baryon chemical potential is varied, it is
reasonable to expect that the symmetry-breaking pat-
terns associated with the various four-quark channels
change. More specifically, channels other than the scalar-
pseudoscalar channel may become relevant. In general,
the most dominant channel can be identified by requir-
ing that the modulus of the coupling of this channel is
greater than the ones of the other four-quark couplings.
Such an analysis then naturally requires to include all
linearly-independent four-quark interactions permitted
by the SU(Nc) ⊗ SUL(2) ⊗ SUR(2) ⊗ UV(1) symmetry.
Taking into account the explicit breaking of Poincare´ and
charge-conjugation invariance at finite density, we end up
with a Fierz-complete basis set composed of ten channels
in the pointlike limit [64]. All other channels are related
to this minimal basis by means of Fierz transformations.
Introducing the dimensionless renormalized four-quark
couplings λi = k
2λ¯i with k being the RG scale, the β
functions for these couplings can be written in the fol-
lowing form:
k∂kλi = 2λi − λjA(i)jkλk −B(i)j λjg2 − C(i)g4, (4)
where i refers to the elements of our Fierz-complete ba-
sis of four-quark couplings. The coefficients A (purely
fermionic loop), B (triangle diagram), and C (two-gluon
exchange) depend on the quark chemical potential. Here,
we have dropped an implicit dependence of these loop
diagrams on the wavefunction renormalization factors of
the quarks and the gluons as they have been found to be
subleading in the symmetric regime [61–63, 69, 70]. For
the computation of the flow equations (4), we have then
made use of existing software packages [71, 72]. For de-
tails we refer the reader to Ref. [73]. The corresponding
flow equations for the purely fermionic part as param-
eterized by the matrices A(i) can be found in Ref. [64],
including a discussion of the regularization scheme also
underlying this work.
In our present study, the RG flow of the gauge sec-
tor enters the flow equations of the four-quark couplings
only via the running of the strong coupling. In line with
our approximations in the computation of the four-quark
couplings, we only employ the one-loop running of the
strong coupling for two quark flavors. However, we have
checked that our main results (e.g., the existence of a
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Figure 1. Left panel: Pressure P of symmetric nuclear matter normalized by the pressure of the free quark gas PSB as
a function of the baryon density n/n0 in units of the nuclear saturation density as obtained from chiral EFT, functional
RG (FRG), including results from an approximation without taking into account a diquark gap (FRG, approx.: no diquark
gap), and perturbative QCD (pQCD), see main text for details. Right panel: Speed of sound squared as a function of the
baryon density in units of the nuclear saturation density as derived from the pressure shown in the left panel.
maximum in the speed of sound) persist even if we em-
ploy running couplings taking into account higher-order
effects [62, 63, 74]. Note that from the analysis of Ward-
Takahashi identities, it follows that the back-reaction of
the four-quark couplings on the strong coupling is neg-
ligible, provided the flow of the four-quark couplings is
governed by the presence of fixed points [70], as it is the
case in the symmetric regime [61–63].
Using the set of flow equations defined by Eq. (4),
we can study the RG flow of the four-quark couplings
and analyze the emerging symmetry breaking patterns.
At high-energy scales, the RG flow generates quark self-
interactions λi ∼ g4 via the last term in Eq. (4). Fol-
lowing the RG flow towards the low-energy regime, we
observe that the strength of the four-quark couplings
relative to each other depends on the dimensionless
quark chemical potential µ. More specifically, towards
lower density, the most dominant channel in the low-
energy regime eventually turns out to be the scalar-
pseudoscalar channel, in line with phenomenological ex-
pectations. As also observed in Ref. [64], the dominance
pattern changes when the dimensionless chemical poten-
tial µ/k becomes sufficiently large. Then, the diquark
channel ∼ (iψ¯γ5τ2 TAψC) (iψ¯Cγ5τ2 TAψ) (where τ2 is
the second Pauli matrix and it is only summed over the
antisymmetric color generators TA) takes over the role
of the most dominant channel, suggesting the formation
of a chirally symmetric diquark condensate.
For a computation of the EOS, it is required to solve
the RG flow down to the long-range limit k → 0. As
discussed above, however, this requires to go beyond
the pointlike limit and resolve the momentum depen-
dencies of the corresponding vertices. For example, this
can be conveniently done by employing so-called dynam-
ical hadronization techniques [45, 60, 69, 75], see, e.g.,
Refs. [67, 68, 74, 76] for their application to QCD. These
techniques effectively implement continuous Hubbard-
Stratonovich transformations of four-quark interactions
in the RG flow. In the present work, we do not employ
continuous transformations but essentially perform them
at a given scale Λ0 [77]. To be specific, for any given µ,
we follow the RG flow of the four-quark couplings from
the perturbative high-energy regime down to the scale Λ0
at which we extract the strength of the four-quark cou-
plings and use them to fix the couplings of an ansatz
describing the dynamics at scales k < Λ0. Since we find
the scalar-pseudoscalar channel to be most dominant at
low densities and the diquark channel to be most domi-
nant at intermediate and high densities, we parametrize
the low-energy regime associated with scales k ≤ Λ0 by
the Hubbard-Stratonovich transforms of these two cou-
plings cast into the form of a quark-meson-diquark-model
truncation. From the latter, we then compute the pres-
sure via a minimization of the corresponding Ginzburg-
Landau-type effective potential [78] spanned by the afore-
mentioned two Hubbard-Stratonovich fields in an RG-
consistent way, see Ref. [79] for details.
To set the scale, we fix the actual value of the scalar-
pseudoscalar coupling of the low-energy sector by the
constituent quark mass in the vacuum limit. The value of
the diquark coupling relative to the scalar-pseudoscalar
coupling is then fixed by the corresponding ratio ob-
tained from our RG flow study of gluon-induced four-
quark interactions evaluated at the scale Λ0. Because
the gluon-induced four-quark interactions depend on the
quark chemical potential, this renders the couplings of
the low-energy regime µ-dependent. Finally, to estimate
the uncertainties arising from the presence of the scale Λ0
4describing the “transition” in the effective degrees of free-
dom, we vary this scale from Λ0 = 450 . . . 600 MeV.
In the left panel of Fig. 1, we show our results for the
EOS (light-red band) as a function of the baryon den-
sity in units of the nuclear saturation density. The band
has been obtained from a variation of the scale Λ0 and a
variation of the value of the gauge coupling within exper-
imental errors at the initial RG scale [80]. The different
line types within the light-red band depict three repre-
sentative EOSs associated with Λ0 = 450, 500, 600 MeV
(from left to right). At lower densities, we observe that
our results for the pressure as obtained from our many-
body framework based on chiral EFT interactions are re-
markably consistent with those obtained from our func-
tional RG analysis at intermediate densities. However,
our present approximation is not capable to resolve the
exact position of any chiral transition or crossover as we
do not observe a clear dominance pattern in the spec-
trum of the four-quark couplings in this regime. The
extent of the light-red band at high densities is set by
the constraint µ ≤ Λ0. With respect to the high-density
limit, we note that the results from our functional RG
studies are found to approach those from perturbative
QCD calculations (light-green band) [42, 43].
In the right panel of Fig. 1, we present the square of
the speed of sound as a function of the baryon density as
derived from the pressure shown in the left panel. The
light-red band is associated with the results from our
functional RG studies taking diquark condensation into
account. Its extent at high densities is again set by the
constraint µ ≤ Λ0. According to perturbative QCD stud-
ies [39–43], we expect the speed of sound to approach
c2s = 1/3 (non-interacting limit) from below at asymp-
totically high densities. Thus, our results in the inter-
mediate density regime suggest that the speed of sound
assumes a maximum. In order to give an estimate for
the position and height of the maximum, we increased
the chemical potential µ beyond Λ0 in our calculations.
The inlay of this figure shows the resulting estimate for
the position and height of the maximum. At high density,
n/n0 > 75, we show again results from perturbative QCD
calculations. Note that the computation of the speed of
sound from the corresponding data for the pressure in
this high-density branch becomes numerically unstable
for n/n0 . 70.
In Fig. 2, we compare our results with different models.
These include relativistic mean-field calculations, such as
NLρ and NLρδ [81], DD, D3C and DD-F [82] as well as
KVR and KVOR [83] (see also Ref. [84]). In addition,
we show results of Dirac-Brueckner Hartree-Fock calcu-
lations (DBHF) [85] and from a typical low-energy model
(LEM) [52, 79]. At densities up to around twice nuclear
saturation density, the different models are compatible
with the chiral EFT uncertainty bands at N2LO (but not
all at N3LO). At higher densities, however, the pressure
obtained from most models is found to be significantly
higher than our functional RG results.
High-density regime.– In the regime of very high densi-
1 2 3 4 5 6 7 8 9 10
n/n0
10
0
10
1
10
2
10
3
P 
[M
eV
 fm
3 ]
FRG
FRG, approx.: no diquark gap
Chiral EFT N2LO/N3LO
LEM
DBHF (Bonn A)
NL ,NL
DD
D3C
DD-F
KVR
KVOR
Figure 2. Pressure of symmetric nuclear matter as obtained
from chiral EFT, functional RG (FRG), and perturbative
QCD (pQCD), as in Fig. 1, in comparison with different mod-
els (see main text and also Ref. [84]).
ties the EOS can be calculated using perturbative meth-
ods [39–43] owing to the fact that the dynamics is dom-
inated by modes with momenta |p| ∼ µ which effectively
renders the QCD coupling g2/4pi small. Although the
ground state is expected to be governed by diquark con-
densation [34, 35, 37, 38], calculations that do not in-
clude condensation effects are reliable, provided that the
chemical potential is much larger than the scale set by
the diquark gap.
In our RG study, the gluon-induced four-quark inter-
actions serve as proxies for the various order parame-
ters. The analysis of their RG flows indeed indicate that
the ground state is governed by spontaneous symmetry
breaking, even at high densities. This can be effectively
described by a transition in the relevant degrees of free-
dom at a finite scale. In order to make contact with per-
turbative calculations, we drop the running of the four-
quark interactions and restrict ourselves to the running
of the quark and gluon wavefunction renormalization fac-
tors at leading order in the derivative expansion. From
the latter, we obtain dressed quark and gluon propaga-
tors which are then used to compute the pressure. In
this case, we find that the RG flow of the pressure can
be followed from high-energy scales down to the deep
infrared limit without encountering any pairing instabil-
ities as associated with spontaneous symmetry breaking.
In Fig. 1, we show our results for the pressure and the
speed of sound from this calculation labelled “no diquark
gap”. We observe very good agreement with recent per-
turbative calculations [42, 43]. The width of the yel-
low FRG band illustrates the uncertainty arising from a
variation of the regularization scheme and a variation of
the running gauge coupling within the experimental er-
ror bars at the τ -mass scale [80]. Following the pressure
towards smaller densities, we observe that our results
for the intermediate-density and high-density regime are
consistent. For the appearance of a maximum in the
5speed of sound, however, we find that the inclusion of
condensation effects in the regime n/n0 . 30 is crucial.
Conclusions and Outlook.– In this Letter we have pre-
sented first results for the EOS of symmetric nuclear
matter at zero temperature over a wide density range
starting from QCD. At low densities we performed cal-
culations based on a set of recently developed chiral NN
and 3N interactions, while for densities beyond three
times saturation density we computed the EOS within
a functional RG framework directly based on the funda-
mental quark-gluon dynamics. Even though the present
approximations underlying both studies break down at
an intermediate-density window, the results show a re-
markable consistency (in particular for the pressure) and
indicate that they can be combined via simple extrap-
olations. At intermediate to high densities, our study
suggests that the ground state is governed by diquark
dynamics, resulting in a maximum in the speed of sound.
Ignoring the diquark gap, our functional RG calculations
are then found to be in good agreement with well-known
results from perturbative QCD calculations at very high
densities. A generalization of the presented framework
to general proton fractions will give us access to the EOS
in the neutron-rich regime, which is relevant for astro-
physical applications. Furthermore, the functional RG
approach is already formulated for general temperatures.
An extension of our chiral EFT calculations at low densi-
ties to finite temperatures will allow us to also study the
temperature dependence of the EOS over a wide density
range based on strong interactions.
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